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1. Area Between Curves

1.1. Vertical Rectangles Method

Definition 1.1: [Area of a Region Between Two Curves]
If 𝑓 and 𝑔 are continuous functions on the interval [𝑎, 𝑏] and if 𝑓(𝑥) ≥ 𝑔(𝑥) for all 𝑥 in [𝑎, 𝑏],
then the area of the region bounded above by 𝑦 = 𝑓(𝑥), bounded below by 𝑦 = 𝑔(𝑥), On

the left by 𝑥 = 𝑎, and on the right by 𝑥 = 𝑏 is 𝐴 =

∫ 𝑏

𝑎

[𝑓(𝑥) − 𝑔(𝑥)] 𝑑𝑥. We usually use the

notation 𝐴 =

∫ 𝑏

𝑎

[𝑦 top − 𝑦 bottom] 𝑑𝑥.

a b

y = g(x)

y = f(x)

f(x) − g(x)

x

y

x

y

ba

y = g(x)

y = f(x)
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Guidelines for Finding the Area-Vertical Rectangles Method

1. Sketch the region

2. Sketch a typical vertical rectangle (line) through the region at an arbitrary point 𝑥
connecting the top and bottom boundaries.

3. The 𝑦-coordinate of the top endpoint of the line sketched in (2) is 𝑦 top and the bottom
is 𝑦 bottom.

4. To Find the limits of the integration, move the line you sketched in (2) left to right.
The leftmost position on the 𝑥-axis at which the line intersects the region is the lower
limit and the rightmost is the upper limit.

5. Compute 𝐴 =

∫ upper

lower

[𝑦 top − 𝑦 bottom] 𝑑𝑥.

    ▲ ◀ ▶ ▼   ■
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Example 1. Find the area of the region bounded above by 𝑦 = 𝑥2 + 3, bounded below by
𝑦 = 𝑥, and bounded on the sides by the lines 𝑥 = 1 and 𝑥 = −1.
Solution:

Here the top curve is 𝑦 = 𝑒𝑥 and the bottom curve is 𝑦 = 𝑥. Also
we have 𝑎 = 0 and 𝑏 = 1. Hence

𝐴 =

∫ 𝑏

𝑎

[𝑓(𝑥)− 𝑔(𝑥)] 𝑑𝑥

=

∫ 1

0

[𝑒𝑥 − 𝑥] 𝑑𝑥

=

[
𝑒𝑥 − 𝑥2

2

]1
0

=

[
𝑒− 1

2

]
− [

𝑒0
]

=𝑒− 1

2
− 1 = 𝑒− 3

2

1

2

1

𝑥

𝑦

𝑦 = 𝑒
𝑥

𝑦 = 𝑥

□
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Area Between Curves c⃝Hamed Al-Sulami 5/14

Example 2. Find the area of the region enclosed by the parabolas 𝑦 = 𝑥2 and 𝑦 = 2𝑥−𝑥2.

Solution: Here the top curve is 𝑦 = 2𝑥 − 𝑥2 and the bottom curve is 𝑦 = 𝑥2. The limits 𝑎
and 𝑏 will be the 𝑥−coordinates of the intersections of the two curves. To find the limits we
set

2𝑥− 𝑥2 = 𝑥2

2𝑥− 2𝑥2 = 0

2𝑥(1− 𝑥) = 0

𝑥 = 0, 1

    ▲ ◀ ▶ ▼   ■
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Thus we have 𝑎 = 0 and 𝑏 = 1. Hence

𝐴 =

∫ 1

0

[2𝑥− 𝑥2 − 𝑥2] 𝑑𝑥

=2

∫
[𝑥− 𝑥2] 𝑑𝑥

=2

[
𝑥2

2
− 𝑥3

3

]1
0

=2

[
1

2
− 1

3

]
=

1

3
. 1

1

𝑥

𝑦

𝑦 = 2𝑥 − 𝑥
2

𝑦 = 𝑥
2

□
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Definition 1.2: [Area of a Region Between Two Intersecting Curves at More
than Two Points]
If 𝑓 and 𝑔 are continuous functions on the interval [𝑎, 𝑏]. Let 𝑎 ≤ 𝑐 ≤ 𝑏. Suppose that
𝑓(𝑥) ≥ 𝑔(𝑥) for all 𝑥 in [𝑎, 𝑐], and 𝑔(𝑥) ≥ 𝑓(𝑥) for all 𝑥 in [𝑐, 𝑏] (Figure 4.1.5). Then the
Area of the region bounded by 𝑦 = 𝑓(𝑥), 𝑦 = 𝑔(𝑥), and the lines 𝑥 = 𝑎, and 𝑥 = 𝑏 is

𝐴 =

∫ 𝑐

𝑎

[𝑓(𝑥)− 𝑔(𝑥)] 𝑑𝑥+

∫ 𝑏

𝑐

[𝑔(𝑥)− 𝑓(𝑥)] 𝑑𝑥.

a c b

y = g(x)

y = f(x)

f(x) − g(x) g(x) − f(x)

x

y
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Example 3. Find the area of the region bounded by the curves 𝑦 = sin𝑥, 𝑦 = cos𝑥, 𝑥 =

0, and 𝑥 =
𝜋

2
.

Solution:

The two curves intersect when sin𝑥 = cos𝑥, that is, when

𝑥 =
𝜋

4
. Now, since cos𝑥 ≥ sin𝑥 when 0 ≤ 𝑥 ≤ 𝜋

4
and

sin𝑥 ≥ cos𝑥 when
𝜋

4
≤ 𝑥 ≤ 𝜋

2
. Then the area is

𝐴 =

∫ 𝜋
4

0

[cos𝑥− sin𝑥] 𝑑𝑥+

∫ 𝜋
2

𝜋
4

[sin𝑥− cos𝑥] 𝑑𝑥

= [sin𝑥+ cos𝑥]
𝜋
4
0 + [− sin𝑥− cos𝑥]

𝜋
2
𝜋
4

=

[
(
1√
2
+

1√
2
)− (1− 0)

]
+

[
(−0− 1)− (− 1√

2
− 1√

2
)

]

=

[
1√
2
+

1√
2
− 1− 1 +

1√
2
+

1√
2

]

=
4√
2
− 2 = 2

√
2− 2.

1

π
2

x

y

π
4

y = sin xy = cos x

□
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Example 4. Find the area of the region enclosed by 𝑦2 = 𝑥 and 𝑥− 2𝑦 = 3.

Solution:

We start with solving the equations 𝑦2 = 𝑥 and 𝑥−
2𝑦 = 3.

𝑦2 − 2𝑦 = 3

𝑦2 − 2𝑦 − 3 = 0

(𝑦 − 3)(𝑦 + 1) = 0 ⇒ 𝑦 = 3,−1. Thus 𝑥 = 9, 1.

Hence the points of intersection are (1,−1) and
(9, 3). Knowing the points of intersection does not
give us the right limits for the integral. Observe that
𝑥 moves from 0 to 9. When 0 ≤ 𝑥 ≤ 1, the top curve
is 𝑦 =

√
𝑥 and the bottom curve is 𝑦 = −√

𝑥, and
when 1 ≤ 𝑥 ≤ 9, the top curve is 𝑦 =

√
𝑥 and the

bottom curve is 𝑦 =
𝑥− 3

2
. Hence 𝐴 = 𝐴1 +𝐴2.

1

2

3

4

-1

-2

1 2 3 4 5 6 7 8 9 10-1-2
x

y

y =
√

x

y =
x − 3

2

(9, 3)

(1,−1)

y = −√
x

(0, 0)

A1

A2
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𝐴1 =

∫ 1

0

[√
𝑥− (−√

𝑥)
]
𝑑𝑥 =

∫ 1

0

[
2𝑥

1
2

]
𝑑𝑥

=

[
4

3
𝑥

3
2

]1
0

=

[
4

3

]

𝐴2 =

∫ 9

1

[√
𝑥−

(
𝑥− 3

2

)]
𝑑𝑥 =

∫ 9

1

[
𝑥

1
2 − 1

2
𝑥+

3

2

]
𝑑𝑥

=

[
2

3
𝑥

3
2 − 1

4
𝑥2 +

3

2
𝑥

]9
1

=

[(
54

3
− 81

4
+

27

2

)
−
(
2

3
− 1

4
+

3

2

)]

=
28

3
.

Now, 𝐴 =
28

3
+

4

3
=

32

3
.

□
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1.2. Horizontal Rectangles Method

Definition 1.3: [Area of a Region Between Two Curves]
If 𝑓 and 𝑔 are continuous functions on the interval [𝑐, 𝑑], and if 𝑓(𝑦) ≥ 𝑔(𝑦) for all 𝑦 in [𝑐, 𝑑],
then the Area of the region bounded on the right by 𝑥 = 𝑓(𝑦), on the left by 𝑥 = 𝑔(𝑦), on

the top by the line 𝑦 = 𝑑, and on the bottom by 𝑦 = 𝑐 is 𝐴 =

𝑑∫
𝑐

[𝑓(𝑦)− 𝑔(𝑦)] 𝑑𝑦.

We usually use the notation 𝐴 =

upper∫
lower

[𝑥Right − 𝑥Left ] 𝑑𝑦.

x

y

c

d

f(y)− g(y)

x = g(y)

x = f(y)

c

d

f(y) − g(y)

x

y

x = g(y)

x = f(y)
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1.2.1. Guidelines for Finding the Area-Horizontal Rectangles Method

1. Sketch the region

2. Sketch a typical horizontal rectangle (line) through the region at an arbitrary point 𝑦
connecting the right and left boundaries.

3. The 𝑥-coordinate of the right endpoint of the line sketched in (2) is 𝑥 Right and the
left is 𝑥 Left.

4. To Find the limits of the integration, move the line you sketched in (2) bottom to top.
The The bottommost position on the 𝑦-axis at which the line intersects the region is
the lower limit and the topmost is the upper limit.

5. Compute 𝐴 =

upper∫
lower

[𝑥 Right − 𝑥 bottom] 𝑑𝑦.

    ▲ ◀ ▶ ▼   ■
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Example 5. Find the area of the region enclosed by 𝑦2 = 𝑥 and 𝑥− 2𝑦 = 3.

Solution:

We start with solving the equations 𝑦2 = 𝑥 and 𝑥− 2𝑦 = 3.

𝑦2 − 2𝑦 = 3

𝑦2 − 2𝑦 − 3 = 0

(𝑦 − 3)(𝑦 + 1) = 0 ⇒ 𝑦 = 3,−1. Thus 𝑥 = 9, 1.

1

2

3

4

-1

-2

1 2 3 4 5 6 7 8 9 10-1-2
x

y

y2 = x

2y + 3 = x

(9, 3)

(1,−1)

(0, 0)
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Now, it is clear that 𝑦 moves from −1 to 3 and we have 𝑥 = 2𝑦 + 3 as the right curve and
𝑥 = 𝑦2 as the left curve. Hence

𝐴 =

𝑑∫
𝑐

[𝑓(𝑦)− 𝑔(𝑦)] 𝑑𝑦

=

3∫
−1

[
2𝑦 + 3− 𝑦2

]
𝑑𝑦

=

[
𝑦2 + 3𝑦 − 1

3
𝑦3
]3
−1

=

[
(9 + 9− 9)−

(
1− 3 +

1

3

)]

=

[
9− 1 + 3− 1

3

]

=

[
11− 1

3

]
=

32

3
.

□

    ▲ ◀ ▶ ▼   ■
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